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2. Use the ratio test:

. |(n4 1)zt antl . n+11 ||
lim = lim —|z| = =.
Therefore the series converges absolutely for |z| < 2. For # = 2 and 2 = —2 the n*"

term does not approach zero as n — oo so the series diverge. Hence the radius of
convergence is p = 2.

5. Use the ratio test :

@+ 1) (n 4 1) . n2
1 ‘ = 1 —12 1| =12 1.
o (22 + 1) /n2] o (n+1)2| r+ 1| =2z + 1]

Therefore the series converges absolutely for |22 + 1] < 1, or |z + 1/2| < 1/2. The
radius of convergence is p = 1/2. At =0 and = = —1, the series also converges
absolutely.

9. For this problem f(x) = sinz, so f'(z) = cosz, f’(z) = —sinz, f'(z) = — cos x,
f""(x) =sinzx..., and thus f(0) =0, f'(0) =1, f’(0)=0, f/(0) = —1.... The
even terms in the series vanish and the odd terms alternate in sign. We obtain that
sine = >°7 (—1)"x?"+1/(2n 4+ 1)!. Also,

n=0

. |(=1)ntlanEs /(20 4 3) o 1

lim = lim 2° ——F—= =0,
n—oo |(=1)rz2ntl/(2n + 1)]| n—oo  (2n+3)(2n+2)
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so the series converges for all x and p = co.

12. For this problem f(z) = 2. Hence f'(z) = 2z, f"(x) = 2, and f")(x) = 0 for
n>2. Then f(-1)=1, f'(-1)= -2, f"(-1)=2and 22 =1-2(z + 1) + 2(z +
1)2/21 =1 —2(z + 1) + (z + 1)2. Since the series terminates after a finite number
of terms, it converges for all . Thus p = co

13. For this problem f(z) =Ilnxz. Hence f'(z) =1/, f"(z) = l/x f”(x)

2/ .., and f00(z) = (1) (n ~ 1)l/a". Then £(1) =0, f/(1) = 1, (1) =
"1y =1-2..., f®(1) = (=1)"*(n —1)!. The Taylor series is

Inz=(zx—1)—(z—1)2/2+ (- 1)3/3— .. f: W@.

It follows from the ratio test that the series converges absolutely for |z — 1| < 1.
Thus p = 1. The series diverges at x = 0 and converges at z = 2.

18. We have y = ag + a1z + az® + ...+ apnz™ + ..., 50 ¥ = a1 + 2a0x + 3azzx? +

oo+ (n+1)ay12™ + ..., and then we get y” = 2as + 3 - 2az3x + 4 - 3aq2% + ... +
(n+2)(n+ 1)app22™ +.... If y’ =y, we equate coefficients of like powers of z to
obtain 2as = ag, 3-2a3 = a1, 4-3a4 = as,...(n+2)(n + 1)a,r2 = a,. Thus as =
ap/2,a3 = a1/6,a4 = az/(4-3) = ap/4!,...ant2 = an/((n +2)(n + 1)). These yield
the desired results for n =0,1,2,3,...

19. Set m =n — 1 on the right hand side of the equation. Then n =m + 1 and
when n = 1, m = 0. Thus the right hand side becomes > _ a,,, (z — 1), which

is the same as the left hand side when m is replaced by n.

23. Multiplying each term of the first series by z yields

o0 o0 o0
T E na,z" "t = E na,xr" = g na,x",
n=1 n=1 n=0

where the last equality comes from na,, = 0 for n = 0. Changing the index from k
to n in the second series yields

Znancc + Zan = Z n+ Dayz™.
n=0

25.
Z m(m — Da,z™” 24 Z ka1 = Z(n +2)(n+ Dapqoz™ + Z kapx® =
m=2 k=1 n=0 k=1

Z [(n+2)(n+ Dapia + nay,] z™.

n=0

In the first case we have let n = m — 2 in the first summation and multiplied each
term of the second summation by x. In the second case we have let n =k and
noted that for n = 0, na,, = 0.
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28. If we shift the index of summation in the first sum by letting m =n — 1, we

have
oo oo
g na,z" "t = E (m+ Dampr2™.
n=1 m=0

Substituting this into the given equation and letting m = n again, we obtain

> (4 Danpa" +2> ana” =0, or Y [(n+ ans1 + 2a,] 2" = 0.
n=0 n=0 n=0

Hence ap41 = —2a,/(n+1) for n=0,1,2,3,.... Thus a; = —2ag, as = —2a;/2 =
22a0/2, ag = —2as/3 = —23a¢/2 -3 = —23ag/3!... and a,, = (—1)"2"agy/n!. Notice
that for n = 0 this formula reduces to ag, so we can write

o0 o0 oo
Z apx" = Z(—l)"?”aoxn/n! = aop Z(—2x)”/n! = age .
n=0 n=0 n=0

2.(a) y=> 0" panz™y = > -  na,z" ! and since we must multiply y’ by z in
the D.E. we do not shift the index; and y” = > ", n(n — 1)a,a" 2 =37 (n+
2)(n + 1)an422™. Substituting in the D.E., we obtain

o0 (o) o0
Z(n +2)(n+ 1)anpp22" — Z nanx" — Z apz™ = 0.
n=0 n=1 n=0

In order to have the starting point the same in all three summations, we let n = 0
in the first and third terms to obtain the following:

(2-1lay — ag)x’ + Z [(m+2)(n+ Daptz — (n+ Day,] 2™ = 0.

n=1

Thus ap42 = an/(n+2) for n =1,2,3, ... Note that the recurrence relation is also
correct for n = 0.

(b) From the recurrence relation we have as = ag/2, a4 = a2/4 =ag/2 -4, ag =
ay/6 =ag/2-4-6, so y1 =1+22/2+24/2-4+25/2-4-6+..., and a3 = a1/3,
as =az/5b=a1/3-5, ar=as/T=a1/3-5-7,80 yo=a+23/3+2°/3-5+27/3-
5-7+...

10

(¢) W(y1,y2)(0) = ‘ 0117 1 and thus y1, y2 form a fundamental set of solutions.

(d) From part (b) we see the even coefficients can be written as as,, = ag/2™m!. For
the odd coefficients notice that as = 2a;/(2-3) = 2a1/3!, that a5 =2-4a1/(2-3-
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4-5)=2%2.2a;/5!, and that a7 =2-4-6a1/(2-3-4-5-6-7) = 23 3la; /7. Like-
wise ag = ay/9 = 23 - 3lay /(71)9 = 23 - 318a1 /9! = 2% - 4la; /9!. Continuing, we have
aom+1 = 2™mlay/(2m + 1)!. Thus

el $2 2mm1x2m+1
y—ao;::ozm 12 @2m+1)!
3.(a)
y = Z an(z—1)" ¢ = Z na,(x —1)""* = Z(n + Dagp1(z—1)",
n=0 n=1 n=0
and
Z (n—Dayp(x—1)"" Z(n+2)(n+1)an+2(x—1)".
n=2 n=0

Substituting in the differential equation and setting x = 1 4 (x — 1), we obtain

> (n+2)(n+ Danga(x — 1" =D (n+ Dang(z —1)" Znan z—1)"

n=0 n=0

o0
- Zan(a: - 1" =0,
n=0

where the third sum comes from
(o]

—(x—1)y'=—Z(n—|—l)an+1(x—1 ) = Znan (x —1)"

n=0

Letting n = 0 in the first, second and fourth sums we obtain

(2~1-a2—1-a1—a0)(1‘—1)0+
Z [(n+2)(n+1)ant2 — (n+ 1)ans1 — (n+ Day] (x —1)" = 0.

Setting the terms in the square brackets equal to zero and dividing by (n + 1) gives
us that (n + 2)ap42 — apt1 — an, = 0forn =1,2,3,... (which also holds for n = 0).
This recurrence relation can be used to solve for as in terms of ag and ay, then for
a3 in terms of a; and a9 and so on.

(b) In many cases it is easier to first take ap = 0 and generate one solution and
then take a; =0 and generate a second solution. Thus, choosing ag =0, we
find that as = a1/2, a3 = (a2 +a1)/3 = a1/2, as = (a3 + a2)/4 = a1 /4, a5 = (aq +
az)/5 = 3a1/20,.... This yields the solution ya(x) = (z — 1) + (z — 1)2/2 + (z —
1)3/2 4 (z — 1)*/4+ .... The second solution may be obtained by choosing a; =
0. Then as = ao/2, as = (az + a1)/3 = ap/6, as = (ag + a2)/4 = ag/6, a5 = (a4 +
az)/5 = ao/15,.... This yields the solution y;(x) =1+ (z — 1)2/2+ (z — 1)3/6 +
(x—1)*/6+ (x —1)°/15+....
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(¢) W(y1,y2)(1) = ‘ (1) (1) ‘ = 1 and thus y; and ys form a fundamental set of so-

lutions.

(d) A general term is not easily found in this case.

5.
o0 o0 o0
Y= g anx™; Yy = E napz™ "ty = g n(n —1)a,z" 2.
n=0 n=1 n=2

Substituting in the differential equation and shifting the index in both summations
for y" gives

Z(n +2)(n+ 1app22" — Z(n + Dnagp12"™ + Z anz" = (2-1-ay+ ag)z’
n=0 n=1 n=0

+ Z [(n+2)(n+ 1anta — (n+ Dnapsr + an] 2™ = 0.
n=1

Thus a; = —ag/2 and ap42 = napt1/(n+2) —an/(n+2)(n+1),n=1,2,.... Choos-
ing ap = 0 yields a2 =0, ag = —a1/6, ag = 2a3/4 = —a1/12, a5 = 3a4/5 — a3/20 =
—ay1/24, ..., and hence y2(z) = a1 (x — 23/6 — 21 /12 — 2°/24 + ...). A second lin-
early independent solution is obtained by choosing aq; = 0. Then ay = —ap/2,

as = az/3 = —ap/6, as = 2a3/4 — a2 /12 = —ap/24, . .., which gives y;(x) = ap(1 —
22/2 — 236 —x1/24 + . .).

8. Ify =3 "7 jan(x —1)", then

zy=[1+(x—-1)y= Zan(aﬁ —1)"+ Zan(x — 1)t

(o)
y = Z nan(r —1)""1, and
=1
o0 o0

=[1+ (z—1)] Z (n—Dap(z—1)" Z (n —1ay(z—1)""1.

14. We need to rewrite  + 1 as 3+ (x — 2) in order to multiply = + 1 times y' as
a power series about xg = 2.

16.(a) From Problem 6 we have y(x) = ¢1(1 — 22 + 2 /6 + ...) + ca(z — 2% /4 + 725 /160 +
...). Now y(0) = ¢; = —1 and 3/(0) = ¢ = 3 and thus

1 3
y(r) = -1+ 2% — éx4+...+3x7 1x3+...

3 1
:—1+3x+x2—1x3—6m4+....
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(c) It appears that f is a reasonable approximation for |z| < 0.7. In fact, the
magnitude of the difference in the two graphs is 0.02 for |z| = 0.6 and 0.04 for
|z| = 0.7.

19. Letting t =z — 1 yields (z — 1)2 =% and (2? — 1) = t* + 2t. Now let u(t) =
y(t + 1) and hence v/ = ¢’ and «” = y”. Thus the differential equation transforms
into u'(t) + t?u'(t) + (* + 2t)u(t) = 0. Assuming that u(t) = Y oo, a,t", we have
u'(t) =307 napt™ ! and w”(t) = Y07, n(n — 1)a,t™ 2. Substituting in the dif-
ferential equation and shifting indices yields

Z(n +2)(n + 1)aniot™ + Z(n —Dan_1t" + Z Upot™ + Z Q11" = 0,
n=0 n=2 n=2 n=1

2-1-apt’ +(3-2-a3+2-ap)t'+

+ Z [(m+2)(n+ Dantz+ (n+ Dap—1 + ap_2]t" = 0.

n=2

It follows that a; = 0, az = —ap/3, and apy2 = —apn_1/(n+2) — an—2/(n + 2)(n +
1), n =2,3,4,.... We obtain one solution by choosing a; = 0. Then a4 = —ag/12,
as = —as/5b—a1/20 =0, ag = —az/6 — a2/30 = ap/18,.... Thus one solution is
ur(t) = ag(1 —t3/3 —t*/12 +15/18 + .. ), sop1(x) =urp(x — 1) =1 — (z — 1)3/3 —
(x —1)*/12+ (z — 1)%/18 +.... We obtain a second solution by choosing ag = 0.
Then a4y = —a1/4, as = —az/5 —a1/20 = —a;1 /20, ag = —az/6 —a2/30 =0, a7 =
—ay/7T—a3/42 = a1 /28, .... Thus us(t) =t —t*/4 —t5/20 +t7/28 + ..., or

o(z) =ug(x —1) = (x —1) — (. = 1)*/4 — (. — 1)°/20 + (z — 1)7/28 + .. ..

The Taylor series for 22 — 1 about # = 1 may be obtained by writingz = 1 + (x — 1)
so 22 =1+4+2(z—1)+(x—1)? and 22 —1=2(z — 1)+ (x — 1)%2.  The differen-
tial equation now appears as ¥’ + (z — 1)%y' + [(z — 1)> + 2(z — 1)] y = 0, which
is identical to the transformed equation with ¢t = x — 1.

22.(a) Clearly, (sinz) = cosz = /1 —sin®z (for —7/2 < x < 7/2) and sin 0 = 0.
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(b) y = ap + a1 + azx® + ... , y? = a3 + 2apa1 7 + (2a0a2 + a%) 224+ Yy =a+
2a0 + 3azz? + ... , and (y')? = a? + dajazx + (6a1a3 + 4a§) z% 4 .... Substituting
these into (y')? = 1 — y? and collecting coefficients of like powers of z yields

(af 4+ af — 1) + (4a1az + 2agar) x + (6araz + 4a3 + 2apas + ai) 2> + ... = 0.

As in the earlier problems, each coefficient must be zero. The I.C. y(0) = 0 requires
that ag = 0, and thus a? + a0 — 1 = 0 gives a? = 1. However, the D.E. indicates
that 3’ is always positive, so 3'(0) = a; > 0 implies a; = 1. Then 4ajas + 2apa; =0
implies that as = 0; and 6ayaz + 4a2 + 2agas + a1 = 6ajaz + a? = 0 implies that
az = —1/6. Thus y =z — 2%/3! + ... , which are the first two terms of the Taylor
series or sin x.

23. With the given initial conditions, Problem 2 tells us that the series solution is

given by
— 1 2 1 4 1 6 1 8

exact
74 5 terms

4 terms

54 3 terms

31 2 terms

1 1 term

T T T T
o 0.5 1 1.5 2

26. With the given initial conditions, Problem 10 tells us that the series solution is
given by

(2) 3 ad z’ zd
Yyr)=r———F— = — o — Tgas — -
12 240 2240 16128
2.5 1 term
2]
1.5 4
2 terms
]
3 terms
0.5 : 4 terms
5 terms
o

T T T T T
o 0.5 1 1.5 2 2.5
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1. The differential equation can be solved for y” to yield v/ = —zy/ —y. If y = ¢(x)
is a solution, then ¢"(z) = —z¢'(z) — ¢(z) and thus setting x = 0 we obtain that
¢"(0) = —0 — 1 = —1. Differentiating the equation for y” yields y"”' = —zy” — 2y’
and hence setting y = ¢(z) again yields ¢"/(0) = —0 —0=0. In a similar fash-
ion y® = —zy”" — 3y" and thus ¢*(0) = —0 — 3(—=1) = 3. The process can be
continued to calculate higher derivatives of ¢(x).

3. Let y = ¢(z) be a solution of the initial value problem. First write

)" 14z, 3w

2 Y 2 7

Differentiating twice,

-1
y" = = [(x—i—xz)y” +@Brnz—2-2)y" +(3—-61In x)y] )

y@ = ;—4 |:(1’2 + 2%y + (32% In x — 22% — 4x)y"+
+(6+8—12x Inx)y’ + (18 In z — 15)y}.

Given that ¢(1) =2 and ¢’(1) = 0, the first equation gives ¢ (1) = 0 and the last
two equations give ¢”/(1) = —6 and ¢®*) (1) = 42.

6. The zeros of P(x) =22 — 22 —3 are v = —1 and x = 3. For 29 = 4, x9 = —4,
and z¢ = 0 the distance to the nearest zero of P(z) is 1,3, and 1, respectively. Thus
a lower bound for the radius of convergence for series solutions in powers of (x — 4),
(x+4),and zis p=1, p =3, and p = 1, respectively.

7. The zeros of P(z) =1+ 23 are the three cube roots of —1. They all lie on the
unit circle in the complex plane. So for xg =0, p=1. For zg = 2, the nearest
root is €™/3 = (1 +1iv/3)/2, hence p = /3.

9.(a) Since p(z) = 1 has no zeros, the radius of convergence about z¢ = 0 is p = co.
(b) p(z) = —z and ¢(x) = —1 are analytic for all x.

(¢) p(z) = —z and ¢(x) = —1 are analytic for all x.

(d) p(x) =0 and q(x) = kx? are analytic for all x.

(e) The only root of P(x)=1—2xis1. Hence p=1.

(f) Since P(z) = 2 + 22 has zeros at x = 4+/2i, the lower bound for the radius of
convergence of the series solution about ¢ = 0 is p = /2.

(¢) p(z) =z and g(z) = 2 are analytic for all z .
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(h) P(z) = x has a zero at x = 0 and since 2o = 1, p = 1.
(i) The zeroes of P(x) =1+ x? are +i. Hence p=1.

(j) The zeroes of P(x) =4 — 22 are +2. Hence p = 2.

(k) The zeroes of P(z) =3 — 22 are ++/3 . Hence p=+/3 .
(1) The only root of P(z) =1—xis 1. Hence p=1.

(m) p(z) = z/2 and ¢(x) = 3/2 are analytic for all z.

(n) p(z) = (1+x)/2 and ¢(x) = 3/2 are analytic for all z.

10.(a) If we assume that y = >~ japa™, then ¢/ = > 7 na,a" ! and also y” =
> ,n(n —1)a,z" 2. Substituting in the D.E. gives

o0 o0 o0 o0
g n(n —1a,z" 2% — E n(n — 1apz™ — g na,z" + o g apx”™ = 0.
n=2 n=2 n=1 n=0

Shifting indices of summation and collecting coefficients of like powers of = yields
the equation

(2~1~a2+a2a0)a§0+ [3~2~a3+(a2 — 1)a1] 't
+) [+ 2)(n+ Dagya + (@2 = n?)ay) 2" = 0.
n=2
Hence the recurrence relation is a, 2 = (n? — a?)a,/(n +2)(n +1),n =0,1,2,....
For the first solution we choose a; =0. We find that ay = —a?ag/2-1, a3 =
0, ag = (22 — a?)ay/4-3 = — (22 — a?)a2ap/4!, ..., and then by induction ag, =
—[2m —2)? —a?] ... (22 — a?)aag/(2m)!, and azpmi1 =0, so

a? 5, (22-a%)a? [(2m —2)? —a?]... (22 — a?)a? ,,,

yi(z)=1— —2°*— —F7F——a" — ... — =

where we have set ag = 1. For the second solution we take ag =0 and a; =1 in
the recurrence relation to obtain the desired solution.

(b) If a is an even integer 2k, then (2m — 2)? — a? = 4(m — 1)? — 4k%. Thus when
m =k + 1 all terms in the series for y;(x) are zero after the z?* term. A similar
argument shows that if a = 2k + 1, then all terms in y3(z) are zero after the z2¢+1
term.

(c) Using the previous parts, we obtain that po(z) = 1, p1(z) = z, po(z) = 1 — 222
and p3(x) = x — 423 /3.

11. The Taylor series about z = 0 for sinz is sinx = x — 23/3! + 2% /5! — ... As-
suming that y = >~ , a,z™, we find

y" + (sinz)y = 2ag + 6azr + 12a422 + 20as52> + 30agz® + 42a72° + ... +
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+(x—2®/31 +2°/5! — .. V(ag + a1z + aga? + azx® +agxt +..) =
= 2ay + (6as + ag)x + (12a4 + ay)x? + (20as + as — ag/6)x>+
+(30ag + ag — a1/6)x4 + (42a7 + a4 — a2 /3! + ao/5!)x5 +...=0.

Hence ay =0, a3 = —ag/6, agy = —a1/12, a5 = ag/120, ag = (a1 + ao)/180, a7 =
—ap/T' 4+ a1/504,.... We set ag =1 and a; = 0 and obtain y;(z) = (1 —23/6 +
25/120 + 26/180 +...). Next we set ap =0 and a; = 1 and obtain ys(z) = (z —
x4/12 + 2%/180 + 27 /504 + .. .). Since p(x) = 1 and ¢(x) = sin z, both have p = oo;
the solution in this case converges for all x, that is, p = co.

18. We know that e” = 1+ 2 + 22/2! + 23/3! + ... , and therefore ¢*” =1+ 22 +
z* /2! +25/314+ ... Hence if y = Y77 jan,a™, we have y' = Y7 na,a™"', so

ar + 2apx + 3azx® + ... = (L + 2%+ 2424 .. )(ag + a1z + agzx® +...) =
=ao +a1x + (ap +ag)x? + ...

Thus, a1 = ag, 2a2 = a1, and 3as = ag + az, which yield the desired solution.

20. Substituting y = > 2 janz™ into the differential equation we obtain that
S nagz™ Tt =3 Janx™ = 2?. Shifting the indices then gives the equation
S o l(n+1)ans1 — a,) 2™ = 2?. Equating coefficients of both sides then gives:
a1 —ag =0,2a2 —a; =0,3a3 —as = land (n + 1)a,y1 = a,, forn =3,4,.... Thus
a1 =ag, a3 =a1/2=ap/2,a3 =1/3+a2/3=1/34+ap/2-3,a4 =a3/4=1/3 -4+
ap/2-3-4=2/414 ap/4!, and in general a,, = ap—1/n = 2/n! + ag/n!. Hence

- ) .’L‘2 " 5 .1'3 l’4 Pk
Using the power series for e”, the first and second sums can be rewritten as age® +
2(e* — 1 —x —x?/2), which is the same solution as we found using methods of
Chap. 2.

22. Substituting y = ZZO:O an,z" into the Legendre equation, shifting indices, and
collecting coefficients of like powers of = yields

[2-1-a +ala+1ag)lz® + (3-2-a3 — [2-1 — ala + 1)]ay)z'+

+ Z((n +2)(n+ Dapsa — [n(n+1) — a(a+ 1)]a,)z™ = 0.
n=2

Thus az = —a(a+ 1)ag/2, a3 = [2-1 — a(a+1)]a1 /3! = —(a — 1)(a + 2)ay /3! and
the recurrence relation gives us (n+ 2)(n + 1)ap42 = —[a(a+ 1) — n(n + 1)]a, =

—(a—n)(a+n+1)a,, n=2,3,.... Setting a; = 0, ag = 1 yields a solution with

ag=as=ay=...=0and ag = a(a—2)(a+ 1)(a + 3)/4..., and generally, as,, =
(-D)"Ma(a—=2)...(a=2m+2)][(a+1)...(a+2m — 1)]/(2m)!. The second lin-

early independent solution is obtained by setting ap =0 and a; = 1. The co-

efficients are then az =ags =as=...=0 and a3 = (a —1)(a+2)/3!, and a5 =

—(a=3)(a+4)az/5-4=(a—1)(a—3)(a+2)(a+4)/5!.
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26. Using the chain rule, we have

dF(¢) _ dF[¢(z)] dx

= S = P @)sind(@) =~ @)1=

o - L [ eVI= 2] £ = (1= (0) - o f o)

which when substituted into the D.E. yields the desired result.

28. Since [(1 — 2?)y']’ = (1 — 2)%y” — 2zy/, the Legendre Equation, from Problem
22, can be written as shown. Thus, carrying out the multiplications indicated yields
the two equations

P [ =2Y)P)]) = —n(n+ 1)P, Py,
Py [(1—2?)P)] = —m(m + 1) P, P,,.

As long as n # m, the second equation can be subtracted from the first and the
result integrated from —1 to 1 to obtain

/11 {Pm [(1-2?)P] - P, [(1- x?)p;n]’} dx = [m(m + 1) — n(n + 1)] /_11 Py Pdz.

The left side may be integrated by parts to yield
1
[Pn(1—2*) P, — P,(1—2*)P,] 11 + / [Pl(1—2*)P), — P.(1—2*)P),] dz,

-1

which is zero. Thus f_ll P, (z) Py (z)dz = 0 for n # m.

2. This equation is of the form of an Euler equation with x replaced by x + 1,
so we seek solutions of the form y = (x + 1)" for  + 1 > 0. Substitution of y into
the D.E. yields F(r) = [r(r — 1) + 3r + 3/4](z +1)" = 0. Thus r? +2r +3/4 =0,
which gives r = —3/2,—1/2. The general solution of the differential equation is
then y = ¢y|o + 1|72 + colo + 1|73/2, z # —1.

4. Ify =2, then F(r) =r(r — 1)+ 3r+5=0. Sor? + 2r + 5 = 0 and then we ob-
tain r = (—2 £ +/4 —20) /2 = —1 + 2i. Thus the general solution of the differential
equation is y = c;z 7! cos(21n |z|) + coz "L sin(21In |x|), = # 0.

9. Again let y = 2" to obtain F(r) =r(r—1) —=5r+9=0, or (r — 3)2=0. Thus
the roots are x = 3, 3 and y = 123 + co2® In|x|, z # 0, is the solution of the dif-
ferential equation.

13. In this case F(r)=2r(r—1)+r—-3=2r2—r—-3=(2r—-3)(r+1) =0, so
y = c12%/2 4+ cox ! (since 29 = 1, we do not need |z|) and y' = (3/2)c12'/? — cox™2.

Setting = 1 in y and y’, we obtain ¢; + ¢co = 1 and (3/2)¢; — ¢2 = 4, which yield
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¢1 =2and ¢co = —1. Hence y = 22%/2 — z71. As z — 01, we have y — —oo due to
the second term.

16. We have F(r)=r(r—1)+3r+5=7r2+2r+5=0. Thus r;,ro = —142i
and y = 27 [e; cos(2Inx) + cosin(2Inx)]. Then y(1) = ¢; = 1 and we obtain that
y' = —272%[cos(2Inx) + czsin(2Inz)] + 27 [~ sin(2Inz)2/x + ¢z cos(2Inz)2/x], so
that /(1) = =1+ 2c2 = —1, or ¢ =0. Hence y =2 'cos(2Inx) for = > 0. As
x — 07 this will oscillate rapidly, with large amplitudes. (The graphing program
can’t show this, but the form of y(z) clearly indicates this behavior.)

17. Since the coeflicients of y, ¢/, and 3" have no common factors, and since P(x)
vanishes only at x = 0, we conclude that x = 0 is a singular point. Writing the
differential equation in the form y” + p(x)y’ + ¢(x)y = 0, we get p(z) = (1 — z)/x
and ¢(x) = 1. Thus for the singular point we have lim,_,¢ zp(z) = lim, 01 —z =
1, and lim, 0 22¢(z) = 0, thus x = 0 is a regular singular point.

21. Writing the differential equation in the form 3" + p(x)y’ + q(z)y = 0, we find
p(z) =z/(1—2)(1 + )% and ¢(z) = (1 4+ z)/(1 — 2?)%. Therefore x = £1 are sin-
gular points. Since lim, 1 (z — 1)p(x) and lim, 1 (x — 1)?q(z) both exist, we con-
clude that = = 1 is a regular singular point. Finally, since lim,_, 1 (z 4+ 1)p(x) does
not exist, we conclude that x = —1 is an irregular singular point.

28. Writing the differential equation in the form y” + p(x)y’ + q(z)y = 0, we see
that p(z) = e*/x and ¢(z) = (3cosx)/x. Thus =0 is a singular point. Since
xp(z) = € is analytic at = 0 and 2?q(z) = 3x cos x is analytic at x = 0, the point
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x = 0 is a regular singular point.

33. Writing the differential equation in the form y” + p(x)y’ + g(z)y = 0, we see
that p(x) = x/sinx and g(x) = 4/sinz. Since lim,_,o ¢(z) does not exist, the point
zo = 0 is a singular point and since neither lim, 4, p(z) nor lim,_, 4+, ¢(x) exist,
either, the points xg = £nm are also singular points. To determine whether the
singular points are regular or irregular we must use Eq. (31) and the result #7 of
multiplication and division of power series from Section 5.1. For zy = 0, we have

x? x? x? x3
= = = 1+—+...| = — ...
p(z) sinx g;—“"—;—k... x[+6+ } x+6+ ’

which converges about ¢ = 0 and thus xp(z) is analytic at xo = 0. x2¢(z), by
similar steps, is also analytic at xy = 0 and thus x¢y = 0 is a regular singular point.
For zg = nm ,we have

(x — nm)x (x — nm)[(z — n7) + n7]
(z = nmp(e) = sine +(x —nm) F 7@72”)3 +...
= £[(x — nmw) + nn] [14-(33_67”7)—1—...] ,

which converges about x¢p = nm and thus (z — nm)p(x) is analytic at ¢ = nw. Sim-
ilarly (x + nm)p(x) and (z + nm)?q(z) are analytic and thus zg = +n7 are regular
singular points.

35. Substituting y = 2", we find that r(r — 1) +ar +5/2=0 or r? + (o — 1)r +
5/2 = 0. Thus 71,7 = [f(a —1)+la—12— 10} /2. In order for solutions to

approach zero as x — 0, it is necessary that the real parts of 1 and r5 be positive.
Suppose that o > 1, then /(o — 1)2 — 10 is either imaginary or real and less than
a — 1; hence the real parts of r; and ry will be negative. Suppose that a =1,
then ri, 7o = +iv/10 and the solutions are oscillatory. Suppose that a < 1, then

(o — 1)2 — 10 is either imaginary or real and less than 1 — «; hence the real parts
of r1 and 7y will be positive. Thus if a < 1, the solutions of the differential equation
will approach zero as x — 0.

39. In all cases the roots of F(r) =0 are given by Eq. (6) and the forms of the
solution are given in Eqgs. (25), (26), and (27).

(a) The real part of the root must be positive so, from Eq. (6), « < 1. Also g > 0,

since the y/(a — 1)2 — 43 term must be less than | — 1].

(b) Similarly to part (a), if & < 1, then here we need 5 > 0 (a single zero eigenvalue
is allowed in this case) or if @ = 1, then we need 8 > 0.

(c¢) The real part of the root has to be negative, so « > 1, and g > 0 (a negative
value would give us a positive root, 5 = 0 would give us a zero root).
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(d) The real part of the root must be negative, so a > 1, with 8 > 0 (for 3 = 0 one
root is zero, which gives a bounded solution as x — 00). If a = 1, then the roots
are £+/—40, so f > 0 will yield oscillatory solutions as  — co, which are bounded.

(e) According to (b) and (d) this happens when o =1 and 8 > 0.

40. Assume that y = v(x)2™. Then we obtain that 3y = v(x)riz™ ~1 4+ v'(x)2™ and
y" =v(@)ri(ry — 1)a™ =2 + 20/ (x)riz™ ~1 4+ v’ (x)2™. Substituting in the D.E. and
collecting terms yields o™ +2v” + (a + 2ry)z" ' + [ri(ry — 1) + ary + Bl a0 =
0. Now we make use of the fact that r; is a double root of f(r) =r(r — 1) + ar +
B. This means that f(r1) = 0 and f'(r1) =2r1 — 14+ a =0. Hence the D.E. for
v reduces to 220" + 2"+, Since x > 0, we may divide by ™! to obtain
2v” +v" = 0. Thus v(z) = Inz and a second solution is y = 2" In x.

41. Substituting y = > 7 a,z™ into the differential equation yields

o0 o o
2 Z n(n —Da,z" ' 43 Z nanpz™ ' + Z apax"tl =
n=2 n=1 n=0

The last sum becomes > 7, a,—2z™ ! (let m =n + 2 and then replace m by n),
the first term of the middle sum is 3aq, and thus we have

3a1 + Z{[Qn(n — 1)+ 3n]a, + an o™t =0.
n=2

Hence a; = 0 and a,, = —a,—2/n(2n + 1), which is the desired recurrence relation.
Thus all even coefficients are found in terms of ag and all odd coefficients are zero,
thereby yielding only one solution of the desired form. The result is

x? x?

—ag(1—- 2y Ty,
y=all =5+ 550 )

43. If £ = 1/x, then
dy  dyd¢ 1 dy

A s S ,52
dr  dfdx z2 d€ d¢’
d?y _ d¢ Y
o (cw) e (i or) (5)-
4d Y 3d
Saa TE d§
Substituting in the differential equation, we have
5d
<1/£>[ B+ 20| e |22+ ruey -

or
(1/5) d§2 +[26°P(1/6) — ¢ Q(l/f)] - +R(1/€)y =

The result follows from the theory of singular points at £ = 0.
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45. Since p(x) = 22, Q(x) = z, and R(x) = —4, we have

F(&) = [2P(1/€)/6 — Q(1/)/€*] /P(1/€) =2/6 =1/ =1/¢

and g(¢) = R(1/€)/€*P(1/€) = —4/£2. Thus the point at infinity is a singular point.
Since both £f(€) and £2g(€) are analytic at &€ = 0, the point at infinity is a regular
singular point.

47. Since p(x) = 2%, Q(x) = x, and R(x) = 2% — 12, we have
F&) = [2P(1/€)/€ = Q(1/€)/€?] /P(1/€) = 2/€ =1/¢ = 1/¢
and g(€) = R(L/E)/€'P(1/€) = (1/€ — 1) /€ = 1/6" — 12 /€. Thus the point at

infinity is a singular point. Although £ f(€) = 1is analytic at £ = 0, £2g(€) = 1/£% —
2 is not, so the point at infinity is an irregular singular point.

2.(a) If the D.E. is put in the standard form y” + p(z)y + ¢(x)y = 0, then p(z) =

r71 and ¢(x) =1 —1/92%. Thus z = 0 is a singular point. Since xp(x) — 1 and

22q(x) — —1/9 as x — 0, it follows that = = 0 is a regular singular point.

(b) In determining a series solution of the D.E. it is more convenient to leave the
equation in the form given rather then divide by 22, the coefficient of 3. If we
substitute y = >~°7 ; a,z™ ", we have

(o9}

oo 1 oo
+ n+ 2 +r
Z(n—l—r)(n—l—r—l)anx" r—l—Z(n-ﬁ-r)anx‘ T+ (w —9)7;)%33" =0.

n=0 n=0

Note that
o] oo [eS]
$2 E amc"'” _ § anxn+7'+2 _ E an72xn+r'
n=0 n=0 n=2

Thus we have

1 1
[7”(7“ —1)+r— 9} apx” + [(r +Dr+a(r+1)— 9] arz" 4

+i{{(ﬂ+?‘)(n+f—1)+(n+r)—;} an+an_2}x"“=0.

From the first term, the indicial equation is 72 — 1/9 = 0 with roots r; = 1/3 and
ro = —1/3. For either value of r it is necessary to take a; = 0 in order that the
coefficient of 2" *1 be zero. The recurrence relation is a, = —a,_2/[(n +r)? —1/9].

(c) For r = 1/3 we have

—an—2 Up—2

(nt1/32—(1/3° (n+2/3)n

n=234....
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Since a; = 0, it follows from the recurrence relation that a3 = a5 =a7 =... =0.
For the even coefficients it is convenient to let n = 2m,m = 1,2,3,.... Then as,, =
—agm—2/22m (m + 1/3). The first few coefficients are given by
@ — (—1)(1() an — (—1)a2 _ ag
2T R2(I41/3)1 T 22(2+1/3)2 20(1+1/3)(2+1/3)2
g = ZDas (=Dao
T 22(341/3)3  26(1+1/3)(2+1/3)(3+1/3)3!"
and the coefficient of 2™ for m =1,2,... is
_1)m
a2m ( ) o

T2l (1+1/3)(2+1/3)... (m+1/3)

Thus one solution (on setting ag = 1) is

_ 3 ()" oy
y(w) = '/ 1+ﬂ;m!(l+1/3)(2+1/3)~~(m+1/3) (3) ]

(d) Since 79 = —1/3 #r1 and 1 —ro = 2/3 is not an integer, we can calculate
a second series solution corresponding to 7 = —1/3. The recurrence relation is
n(n —2/3)a, = —a,—2, which yields the desired solution following the steps in part
(¢). Note that a; = 0, as in the first solution, and thus all the odd coefficients are
Zero.

4.(a) Putting the D.E. in the form y” + p(x)y’ + g(z)y = 0, we see that p(z) =
1/z and ¢(z) = —1/2. Thus z =0 is a singular point, and since zp(xz) — 1 and
22q(x) — 0, as x — 0, z = 0 is a regular singular point.

(b) Substituting y = >~ a,z"™" in zy” 4+ y’ — y = 0 and shifting indices, we ob-
tain

oo oo oo
Z Api1(r+n+1)(r +n)z"t" + Z an1(r+n+ 1™ — Z anz™ =0,

n=-—1 n=-—1 n=0
or

[r(r = 1)+ rlagz™ " + > [(r +n+1)%ang1 — ap) 2" = 0.

n=0

From the first coefficient we find r? = 0 is the indicial equation, and from the
coefficient of """ we find the recurrence relation is a,+1 = a,/(n + 1 + )%

(c) Setting r = 0 in the reccurence relation, we find (n + 1)%a,41 = ap,n =0,1,2,....
The coefficients are a; = ag, as = a1/2% = ap/2?, a3z = az/3% = ap/3? - 2%, a4 =
az/4? = ag/4% - 3% -22,... and a,, = ag/(n!)%. Thus one solution (on setting ag = 1)
: oo n 2
isy=> " x"/(n)>.

(d) Since the indicial equation has only one root, we only have one solution of the
form y ="y " japa" .
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11. (a) If we make the change of variable t = z — 1 and let y = u(t), then the Legen-
dre equation transforms to (2 + 2t)u” (t) + 2(t + 1)u/(t) — a(a + 1)u(t) = 0. Since
x =1 is a regular singular point of the original equation, we know that t =0 is a
regular singular point of the transformed equation. Substituting u = ZZOZO ant™tr
in the transformed equation and shifting indices, we obtain

Z(n +1r)(n+7r—1Dat"" +2 Z (n+r+1)n+r)ant" "+
n=0 n=-—1

(oo} (oo} oo
+2 Z(n +7)ant™t" + 2 Z (n4+7r4+ Dap 1 t"™" — ala+1) Z a,t" " =0,

n=0 n=-—1 n=0
or
[2r(r — 1) + 2r]aot” '+

+ i{Q(n +r+ 12,1 +[(n+r)(n+r+1) —ala+ 1]a, " =0.

n=0

The indicial equation is 2r? = 0, so r = 0 is a double root. Thus there will be only
one series solution of the form y = Y7 j a,t"*".

(b) The recurrence relation is
2(n +1)%ap41 = [a(la+1) = n(n + 1)]an,n =0,1,2,....
We have
a1 = [a(a+ 1)]ag/2 - 1%, as = [a(a + 1)][a(a + 1) — 1 - 2]ag/2* - 22 - 12,
az = [a(a+ D][afa+1) = 1-2][a(a 4+ 1) —2-3Jag/2%-3%-22-12, ..., and
an = [+ D]fafa+1)=1-2]...[a(a+1) = (n — 1) - nlag/2"(n!)2.

Reverting to the variable z, it follows that one solution of the Legendre equation
in powers of x — 1 is

oo

y1(z) = Z[a(a + D]fefa+1)=1-2]...[a(a+1) = (n—1) - n](z — 1)"/2"(n!)?

n=0

where we have set ag = 1, which is equivalent to the answer in the text if a (—1) is
factored out of each square bracket.

14. (a) The standard form is y” + p(x)y’ + q(z)y = 0, with p(z) = 1/x and ¢(x) =
1. Thus z = 0 is a singular point; and since xp(z) — 1 and 2%q(z) — 0 as z — 0,
x = 0 is a regular singular point.

ubstituting y = — 0 nT into 2%y + xy’ + z*y = 0 and shifting indices
b) Substituti o o anx™ T into z?y” '+ 2%y = 0 and shifting indi
appropriately, we obtain

Z(n + T)(TL +r— 1)anxn+7- + Z(n + T)anxn—i-r + Z an72x7z+7- _ 07
n=0 n=0 n=2
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or
[r(r—1) +rlagz” + [(1 +7)r + 1 +r]a;z" ™ + Z [(n+7)%an + an_2] 2™ = 0.
n=2

The indicial equation is, 72 =0 so r = 0 is a double root. It is necessary to take
a1 = 0 in order that the coefficient of "' be zero.

(c) The recurrence relation is n2a, = —a,_2, n=2,3,.... Since a; = 0 it follows
that a3 = a5 = a7 = ... = 0. For the even coeflicients we let n =2m, m =1,2,....
Then ag,, = —agm_2/2?m? so az = —ag/2% - 12, ag = ag/2%-22-12-22 ... so we

get asy, = (—1)mag/2%2™(m!)%2. Thus one solution of the Bessel equation of order
zero is Jo(z) =1+ > °_ (—1)™a?™/2*™(m!)? where we have set ap = 1.

(d) Using the ratio test, it can be shown that the series converges for all z. Also
note that Jo(z) — 1 as x — 0.

15. In order to determine the form of the integral for x near zero, we must study
the integrand for x small. Using the above series for Jy, we have

L~ ! = ! —1[1+m2+ ]
o[Jo(x)]2  z[l—22/2+.. ]2 z2[l-224..] =z

for x small. Thus

m@):%@)/%:%(@/B+x+..} dz = Jo(x) [lnx—l—x;—i-...],

and it is clear that yo(x) will contain a logarithmic term.

16.(a) Putting the D.E. in the standard form y” + p(z)y’ + q(z)y = 0, we see that

p(z) =1/x and g¢(z) = (2?2 —1)/2%. Thus z =0 is a singular point and since
p

)
op(z) — 1 and 2%¢(x) — —1 as z — 0, x = 0 is a regular singular point.

(b) Substituting y = Y7, a,z™ " into 2%y” + zy’ 4 (? — 1)y = 0, shifting indices
appropriately and collecting coefficients of common powers of x, we obtain

[r(r—1)+7r—1aox" +[(1+r)r+1+r— 1]a1mT+1

+ Z{[(n"‘r)g — 1] an +an o} z"" =0.

The indicial equation is 72 — 1 = 0 so the roots are 7, = 1 and ro = —1.

(¢) For either value of r it is necessary to take a; =0 in order that the coef-

ficient of "1 be zero. The recurrence relation is [(n +7)? — 1]a, = —a,_2,n =
2,3,4,.... Forr =1 we have a,, = —an_2/[n(n +2)],n =2,3,4,.... Sincea; =01it
follows that a3 = a5 = a7y = ... =0. Let n = 2m. Then as,, = —agm,2/22m(m +

1), m=1,2,...,80 ag = —ag/2?-1-2, a4 = —ay/2%-1-2-3 =ag/2%-22-1-2-2-
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3,..., and a®™ = (=1)mag/22™m!(m + 1)!. Thus one solution (set ag = 1/2) of the
Bessel equation of order 1 is

T & (_1)711.271
Tulw) = 2 ZO (n+ 1)Inl22n"

(d) The ratio test shows that the series converges for all . Also note that J;(xz) — 0
as x — 0.

(e) For r = —1 the recurrence relation is [(n — 1)? — 1]a, = —an_2,m = 2,3,..., 50
for n = 2 the coefficient of as is zero and we cannot calculate as. Consequently, it
is not possible to find a series solution of the form =1 >"°7  b,a™.

1.(a) The differential equation has the form P(z)y” + Q(x)y’ + R(z)y =0 with
P(z) =z, Q(z) = 2z, and R(x) = 6e®. From this we find p(z) = Q(z)/P(x) =2
and ¢(x) = R(z)/P(x) = 6e”/x, and thus = 0 is a singular point. Since ap(z) =
2z and 2%q(z) = 6ze® are analytic at x = 0, we conclude that z = 0 is a regular
singular point.

(b) We have zp(x) — 0 = pp and 22¢(z) — 0 = qo as * — 0 and thus Eq. (7), the
indicial equation, is F'(r) = 7(r — 1) = 0 which has roots r; = 1 and 7 = 0. These
are the exponents of the singularity at x = 0.

3.(a) The differential equation has the form P(z)y” + Q(z)y’ + R(x)y =0 with
P(r)=2z(z —1), Q(z) =622, and R(z) =3. Since P(z), Q(z), and R(z) are
polynomials with no common factors and P(0) =0 and P(1) =0, we conclude
that x =0 and x = 1 are singular points. The first point, x = 0, can be shown
to be a regular singular point using steps similar to those shown in Problem 1.
The indicial equation is F'(r) = r(r — 1) and the exponents are 1 and 0 here. For
x =1, we must put the differential equation in the form seen in Example (1). To
do this, divide the differential equation by z and multiply by (z — 1) to obtain
(x —1)%y" 4+ 6z(z — 1)y + 3(z — 1)y/z = 0. Comparing this to Example (1), we
find that (z — 1)p(z) = 6z and (z — 1)?q(z) = 3(z — 1)/x, which are both analytic
at £ = 1, and hence x = 1 is a regular singular point.

(b) These last two expressions are pg = 6 and gyg = 0, respectively, at x = 1, and thus
the indicial equation is F/(r) = r(r — 1) + 6r + 0 = r(r + 5) = 0. The exponents are
0 and —5 at this point.

9.(a) For this differential equation,

—(1+2) _ 2

p(z) = m
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and thus z = 0,1 are singular points. Since zp(z) is not analytic at =0, z = 0 is
not a regular singular point. Looking at

@-1p) =50 awd (@12 = 2

we see that x = 1 is a regular singular point.
(b) As in Example (1),
= 1i — = = 1i — 2 =
po = igrrﬁ(m Dp(z)=2 and g iﬂ(m 1)%q(x) = 0.
Thus the indicial equation is F(r) =r? +r and r; = 0 and rp = —1.

13.(a) Note that p(z) = 1/z and g(x) = —1/z. Furthermore, zp(x) = 1 and 2%¢(x) =
—z. It follows that

po=1lim(1)=1 and ¢p= lim(—x)=0,

x—0 x—0

and therefore x = 0 is a regular singular point.

(b) The indicial equation is given by r(r — 1) +r = 0, that is, r* = 0, with roots
r1 = r9 = 0. This implies we can use Eq.(18) for the second solution.

(c) Let y = ag + a1 + asx? + ... + a,xz™ + . ... Substitution into the ODE results
in

in—i—? n+ )an+2x"+1+2n+1an+1x ianx":O
= n=0

After adjusting the indices in the first series, we obtain

a1,QO+Z (n+ Dapt1 + (n+ Dapyr —apla™ =0.

n=1

Setting the coefficients equal to zero, it follows that for n > 0,

G,
a =—.
n+1 (n+ 1)2
So forn>1,
A, = an_l = an_2 = = 71 a,
" n? n2n—12 T ()2

With ag =1, one solution is

1 1 .
(@) =1+z4+ -2+ =23 +.. .+ a4

4 36 (n!)2

For a second solution, set y2(x) = y1(x) In & + byx + boa® + ...+ b,2™ +.... Sub-
stituting into the ODE, we obtain

Liyi(z)]-Inz+2y{(z)+ L

ibnx”] =0

n=1
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Since L[y1(z)] =0, it follows that

> b = 24l

n=1
More specifically,
bl-FZ (n+1Dbyy1 + (n+ 1)bpg1 — by 2™ :—2—3:—}3:2—i3 Lx‘l—

P 67 72" T 1440

Equating the coefficients, we obtain the system of equations by = —2, 4by — by =
—1, 9b3 — by = —1/6, 16by — b3 = —1/72,.... Solving these equations for the co-
efficients, by = —2, by = —3/4, by = —11/108,by = —25/3456, .... Therefore a

second solution is
3o A1 4 2
24—
4 108 3456

7.(a) We have
sinz cos T
)= and =

o) = o) = 57,
so that z = 0 is a singular point. Note that xp(z) = sinz/x — 1 = pg as  — 0 and
22q(z) = —cosx — —1 =¢qo as x — 0. In order to assert that x =0 is a regular
singular point we must demonstrate that zp(z) and x2q(x), with zp(z) = 1 at x = 0
and z2¢(z) = —1 at 2 = 0, have convergent power series (are analytic) about x = 0.

We know that cosz is analytic, so we need only consider sinz/z. Now

sinx = Z(fl)”xznﬂ/(Qn + 1!
n=0
for —oco < x < 00, SO
sinz/z =Y _(=1)"2"/(2n +1)!
n=0

and hence is analytic. Thus we conclude that x = 0 is a regular singular point.

(b) From part (a) it follows that the indicial equationisr(r — 1) +r—1=7r%>-1=
0 and the roots are 11 =1, ry = —1.

(¢) To find the first few terms of the solution corresponding to r; = 1, assume that
_J:Zanx z(ag + a1z + agx® +...) = apx + ayx? +axa® + .. ..
Substituting this series for y in the differential equation and expanding sin x and
cosz about x = 0 yields
22(2a1 + 6asx + 12a32% + 20a42> + .. )+
+(x —23/3! + 2°/5! — .. )(ap + 2a17 + 3asx? + dazx® + Sagxt +...)
—(1—2%/2' + 2% /4! — . (aox + a12? + ax® + azx* + ag2® +...) = 0.
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Collecting terms, we have
(ap — ao)x + (2a1 + 2a1 — ay)x? + (6ag + 3az — ag/6 — az + ag/2)x>+
+(12a3 + 4as — 2a1 /6 — az + a1/2)x4+
+(20ay + 5ay — 3a2/6 4 ag/120 — ay + a2 /2 — ag/24)z° + ... = 0.

Simplifying yields 3a;2? + (8az + ag/3)x® + (15a3 + a1 /6)x* + (24a4 — ag/30)x° +
...=0. Thus, a1 =0, as = —ap/4!, a3 =0, ay = ap/6!,.... Hence yi(z) =z —
23 /41 + 25 /6! + ... where we have set ap = 1. For the second solution we use a
variation of Equation (24) similar to Equation (18):

yo(x) = ayy(z) Inx + 27! (1 + Z cnx”> =
n=1

1 2 3
ayl(x)ln:c+x+cl+02x+03x +eqx” + .

so we obtain that y5 = ay} Inx + ay1x™! — 272 + ¢ + 2c37 + 3cq2? + ..., and ¢yl =
ay! nz + 2ayir™! —ay1272 + 2273 + 2¢3 + 3c4x +.... When these are substi-
tuted in the given differential equation the terms including Inz will appear as
a[z?y] + sin zy] — cos xy1], which is zero since y; is a solution. For the remainder
of terms, use y; = x — 23/24 4+ x°/720 and the cosx and sinz series as shown ear-
lier to obtain —c; + (2/3 + 2a)z + (3c3 + ¢1/2)x + (4/45 + c2/3 + 8ca)x3 + ... =
0. These yield ¢y =0, a=—1/3, ¢35 =0, and ¢4 = —c3/24 — 1/90. We may take
co = 0, since this term will simply generate y; (z) over again. Thus
ya(x) = —%yl(x) Inz+a2 ! — %x?

If a computer algebra system is used, then additional terms in each series may be
obtained without much additional effort. The next terms, in each case, are shown
here:

( ) a3 n xd 4327 n q
=r——+-———+... n
YIE) =2 = 50 T 790~ 1451520 &
( ) 1 ( )1 n 1 x4 n 4125
R n — - — — ...
YaiT gy e o 90 " 120960

18.(a) We first write the D.E. in the standard form as given for Theorem 5.6.1
except that we are expanding in powers of (z — 1) rather than powers of x:

(x=1)%" + (z = D[(z = 1)/2Inz]y’ + [(z — 1)*/Ina]y = 0.

Since In1 =0, x =1 is a singular point. To show it is a regular singular point of
this D.E. we must show that (z — 1)/Inz is analytic at = 1; it will then follow
that (z —1)?/Inz = (z — 1)[(x — 1)/ Inz] is also analytic at z = 1. If we expand
Inz in a Taylor series about z = 1, we find that
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Thus

(x—1)/Inz = [1;(x1)+;(azl)2...]_ :1+%(z71)+...

has a power series expansion about z = 1, and hence is analytic.

(b) We can use the above result to obtain the indicial equation at = 1. We have

1 1 1
(z—1)%" +(x—1) {2—&—4(33—1)—&—...] v+ [(x—1)+2(a:—1)2+... y = 0.
Thus po = 1/2, go = 0, and the indicial equation is r(r — 1) +7/2 = 0. Hence r =
1/2 and r = 0.

(¢) In order to find the first three nonzero terms in a series solution corresponding
to r =1/2, it is better to keep the differential equation in its original form and to
substitute the above power series for In x:

1 2 1 3 1 4 " 1 ! _
(z—1) 2(x 1) +3(9: 1) 4(:c D*+... |y +5Y +y=0.
Next we substitute y = ag(z — 1)%/2 + a1 (z — 1)3/? + ay(z — 1)%/? 4+ ... and collect
coefficients of like powers of (z — 1), which are then set equal to zero. This requires
some algebra before we find that 6a;/4 + 9a¢/8 = 0 and 5as + 5a1/8 — ag/12 = 0.
These equations yield a; = —3ao/4 and as = 53a¢/480. With ay = 1 we obtain the

solution

53

3
R A VE T AP S T S A L T I
n(@) = (@ -2 = 2@ =17+ 25z - 1) +

(d) Since the radius of convergence of the Taylor series for (z —1)/Inx is 1, we
would expect p = 1.

20.(a) If we write the D.E. in the standard form as given in Theorem 5.6.1, we obtain
22y + zla/z)y’ + [B/x]y = 0 where zp(z) = a/z and z2g(z) = B/x. Neither of

these terms are analytic at x = 0, so £ = 0 is an irregular singular point.

(b) Substituting y = 2" Y oo a,z™ in 2%y’ + azy’ + Py = 0 gives

(oo} oo (oo}
Z(n +r)(n+7r—Daz" ™ o Z(n +7)a,z"t" + B Z apz™ " = 0.
n=0 n=0 n=0

Shifting the index in the first series and collecting coefficients of common powers
of x, we obtain

(ar + Bagz” + Z {n+r—Dn+r—2)a,_1+[an+7)+ Bla,} 2" = 0.

n=1

Thus the indicial equation is ar 4+ 8 = 0 with the single root r = —f/a.
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(c) From part (b), the recurrence relation is

(n+r—1)n+r—2)a,—1 _ (”_g_ )(n—g— )an—l

anp = — - _ :

an+r)+ 06 an

n=1,2,... for r=—8/a. For f/a=—1, a, = —n(n — 1)a,—1/an, so that a; =
0-ag = 0. Since all other a,, are multiples of a;, and hence are zero, y(x) = x is
the solution. Similarly for 8/a =0, a, = —(n — 1)(n — 2)a,—1/an and again for
n=1,a; =0 and y(x) = 1 is the solution. Continuing in this fashion, we see that
the series solution will terminate for 3/a any positive integer as well as 0 and —1.
For other values of §/«, we have

an

Ap—1

which approaches oo as n — oo and thus the ratio test yields a zero radius of
convergence.

21.(a) Note that

p() = % and () = 2

S

It follows that

1—s 2—t

lim zp(z) = lim ax
z—0

and lim 2%¢(z) = lim Bx
z—0 z—0 x—0

Hence if s > 1 or ¢t > 2, one or both of the limits does not exist. Therefore x = 0
is an irregular singular point.

(b) Substituting y = " a,z™*" in the differential equation gives

S tntr)ntr—Dana™ +ad (n+r)apa™ T4 BY " apa T =0,
n=0 n=0 n=0

If s = 2 and t = 2 the first term in each of the three series is r(r — 1)agz”, arapz” !,

and Bagz”, respectively. Thus the indicial equation is F(r) = arag = 0, which
requires 7 = 0. Hence there is at most one solution of the assumed form.

(c) Let y = apr” + a1x™ ™ + ...+ a,2"t" +.... Write the ODE as

1"

y" +az?y’ +By=0.

Substitution of the assumed solution results in
o0 oo o0
Z (n+r)(n+r—1a,z"" " +a Z (n+r)a,z"" + 5 Z a,z" " = 0.
n=0 n=0 n=20
Adjusting the indices, we obtain

Z m—1+7r)(n+r—2)a, 12"+« Z (n—1+7r)a,_12""+

n=1 n=1
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o
=

+B8 > ana™t" =0,
n=0

Combining the series,
Baox” + Z Apz" =0,
n=1
in which 4,, = Ban,+(n—1+7)(n+r+ o —2)a,_1. Setting the coeflicients equal

to zero, we have ag = 0. But forn > 1,

m—1+r)n+r+a—2)
n — ﬁ Gp—1-

Therefore, regardless of the value of r, it follows that a, =0, for n=1,2,....

(d) In order for the indicial equation to be quadratic in 7 it is necessary that the
first term in the first series contribute to the indicial equation. This means that
the first term in the second and the third series cannot have powers less than z”.
The first terms are 7(r — 1)agz”, aragr™ =% and Bagr™ 27t respectively. Thus if
s <1 and t <2, the quadratic term will appear in the indicial equation.

1. It is clear that = = 0 is a singular point. The differential equation is in the stan-
dard form given in Theorem 5.6.1 with xp(x) = 2 and 2?¢(z) = z. Both are analytic
at x =0, so x =0 is a regular singular point. Substituting y = ZZOZO apx™" in
the differential equation, shifting indices appropriately, and collecting coefficients
of like powers of x yields

[r(r —1) + 2r]apx” + Z[(r +n)(r+n+1Da, + ap_q]z"™ = 0.
n=1
The indicial equation is F'(r) = r(r + 1) = 0 with roots r; =0, 7 = —1. Treating
an as a function of r, we see that a,(r) = —an—1(r)/F(r+n),n=1,2,...if F(r +
n) # 0. Thus a1(r) = —ao/F(r + 1), a2(r) = ao/F(r+ 1)F(r +2),..., and a,(r) =
(=D)"aog/F(r+1)F(r+2)...F(r +n), provided F(r +n) # 0forn=1,2,.... For
the case 1 = 0, we have a,,(0) = (=1)"ao/F(1)F(2)... F(n) = (—=1)"ag/n!(n + 1)!,

so one solution is
o0

yi(@) = 3 (=) a" fnl(n + 1)1
n=0
where we have set ag = 1. If we try to use the above recurrence relation for the
case ro = —1, we find that a,(—1) = —a,—1/n(n — 1), which is undefined for n =
1. Thus we must follow the procedure described at the end of Section 5.6 to
calculate a second solution of the form given in Equation (24). Specifically, we use
Equations (19) and (20) of Section 5.6 to calculate a and ¢, (r2), where ro = —1.
Since 1 —ry = 1= N, we have ay(r) = a1(r) = —=1/F(r + 1), with ag = 1. Hence

a= rl—i>n—11[(r +1)(-1)/F(r+1)] = Tl_i}n_ll[f(r +1)/(r+1)(r+2)]=-1
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d d r+1

en(—) = Gl Vel = U F oy Fr )

|r:71

where we again have set ag = 1. Observe that
(r+1)/F(r+1)...F(r4+n)=1/[(r +2)2(r+3)2...(r+n)*(r+n+1)] = 1/G,(r).

Hence ¢, (—1) = (—=1)"*1G",(=1)/G%(—-1). Then G,,(—1) =12-22.32 ... (n—1)*n =
(n—Dnland G7(=1)/Gn(—=1) = 2[1/1+1/2+1/3+ ...+ 1/(n—1)] + 1/n = H, +
H,_y. Thus ¢,(-1) = (-1)"**(H, + Hy,—1)/(n — 1)!n!l. From Equation (24) of
Section 5.6 we obtain the second solution

yo(z) = —y1(z)Inz + 271 |1 - Z(—l)”(Hn + Hp_1)z"/nl(n —1)!

n=1

2. It is clear that = = 0 is a singular point. The D.E. is in the standard form given
in Theorem 5.6.1 with zp(z) = 3 and z%¢(x) = 1 + x. Both are analytic at x = 0,
so z = 0 is a regular singular point. Substituting

o]
y _ a LL'”+T
— E n
n=0

in the D.E., shifting indices appropriately, and collecting coefficients of like powers
of x yields

[r(r —1) 4+ 3r + 1]aoz" + i {{r+n)(r +n+2)+1ay +ap_1} 2" =0.

n=1

The indicial equation is F(r) =% +2r+1= (r +1)? =0 with the double root
r1 = ro = —1. Treating a,, as a function of r, we can see immediately that a,(r) =
—ap-1(r)/F(r+mn),n=1,2,.... Thus we obtain that a;(r) = —ao/F(r + 1), then
as(r) = ag/F(r+ D)F(r+2),..., an(r) = (=1)"ag/F(r+ )F(r+2)... F(r + n).
Setting r = —1, we find that a,(—1) = (—=1)"ao/(n!)?, n = 1,2, .... Hence one so-

lution is
- ZL’71 Z n n/ 7’L'

where we have set ag = 1. To find a second solution we follow the procedure de-
scribed in Section 5.6 for the case when the roots of the indicial equation are equal.
Specifically, the second solution will have the form given in Eq. (17) of that sec-
tion. We must calculate al,(—1). Let us denote G,,(r) = F(r +1)...F(r+n) =
(r+2)%(r+3)%...(r+n+1)% and take ag = 1, then al,(—1) = (=1)"/[1/G.(r))
evaluated at r = —1. Hence a/,(—1) = (=1)"T1G,(-1)/G%(-1). But G,(-1) =
(n))? and G, (-1)/Gn(=1)=2[1/14+1/2+1/3+ ...+ 1/n] =2H,. Thus a sec-
ond solution is
yo(z) = y1(z) Inx — 22~ Z D" H,z"/(n!)?.

n=1
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5. Since x = 0 is a regular singular point, substitute

00
y = § ananrr
n=0

in the differential equation, shift indices appropriately, and collect coefficients of
like powers of x to obtain

[r? — 9/4]agx” + [(r + 1) — 9/4]arz" T+
+ i {[(r+n)* —9/4]a, + ap_2} ™" = 0.

The indicial equation is F(r) = r? — 9/4 = 0 with roots r; = 3/2, ro = —3/2. Treat-
ing a, as a function of r, we see that a,(r) = —an,—2(r)/F(r +n), n=2,3,... if
F(r+mn) # 0. For the case r; = 3/2, F(r; + 1), which is the coefficient of z™+1
is # 0 so we must set a; = 0. It follows that a3 = a5 = ... = 0. For the even coef-
ficients, set n = 2m s0 a2, (3/2) = a2m—2(3/2)/F(3/2 + 2m) = —agm_2/2*m(m +
3/2), m=1,2,.... Thus as(3/2) = —ao/2? - 1(1 +3/2), as(3/2) = ag/2* - 2!(1 +
3/2)(2+3/2),...,and ag,,(3/2) = (=1)™/22™m!(1 + 3/2) ... (m + 3/2). Hence one

solution is

) (1 oy
i (w) = 22 HZ mI(1+3/2)2+3/2)...(m 1 3/2) (3)

)

where we have set ag = 1. For this problem, the roots r; and ro of the indicial
equation differ by an integer: r; — ro = 3. Hence we can anticipate that there may
be difficulty in calculating a second solution corresponding to r = ro. This diffi-
culty will occur in calculating az(r) = —a1(r)/F(r + 3) since when r = ry = —3/2
we have F(ry + 3) = F(r1) = 0. However, in this problem we are fortunate because
a1 = 0 and it will not be necessary to use the theory described at the end of Sec-
tion 5.6. Notice for r = ro — 3/2 that the coefficient of 22 is [(r2 + 1)% — 9/4]ay,
which does not vanish unless a; = 0. Thus the recurrence relation for the odd
coefficients yields a5 = —a3/F(7/2), az = —a5/F(11/2) = a3/F(11/2)F(7/2), and
so forth. Substituting these terms into the assumed form, we see that a multiple
of y1(x) has been obtained and thus we may take az = 0 without loss of general-
ity. Hence ag = a5 = a7 = ... = 0. The even coefficients are given by az,,(—3/2) =
—agm—2(—3/2)/F(2m —3/2),m =1,2,.... Thus as(—3/2) = —ag/2%-1- (1 - 3/2),

—3/2) = ap/2% - 2!(1 — 3/2)(2 — 3/2), ..., and agm(—3/2) = (—1)mag/2*™m!(1 —
3/2)(2—-3/2)...(m — 3/2). Thus a second solution is

_..—3/2 (=™ x\2m
va(e) == 1+Z 11— 3/2)(2—3/2).. (m—3/2)<§) ]

7. Apply the ratio test:
1

-1 m+1,.2m—+2 22m+2 1! 2
i JCD™ 2 ) »
e TR

for every z. Thus the series for Jy(z) converges absolutely for all z.
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12. Consider a solution of the form y(z) = v/ f(az”). Then

/_ﬁ_a/8335+f(§)
Y Tu T T e

in which ¢ = az®. Hence

"_ d2f 042ﬁ2 z?P df 0‘52 P f(g)
Tae oz A avE daym

and
df df 1
2. 1 _ 272 283 2.8 ~ o _ -
zy" =a e Vx d§2+aﬁ P x s 4\/ij(£).
Substitution into the ODE results in
df df 1 1
20228 2. 8% 1 202,28 | L 9,2 _
0?82 2% T aBta’ G = € + (02870 1 1~ 1() = 0.

Simplifying, and setting & = ax?, we find that

which is a Bessel equation of order v. Therefore, the general solution of the given
ODE is

y(x) = vz [e1 fr(az?) + ¢ fa(az?)]
in which f1(€) and f2(€) are the linearly independent solutions of (x).
13. To compare y” — xy = 0 with the differential equation of Problem 12, we must

multiply by 22 to get 2%y” — 23y = 0. Thus 28 =3, o?3%2 = —1 and 1/4 — 123? =
0. Hence B = 3/2, a = 2i/3, and v? = 1/9, which yields the desired result.

14. First we verify that Jo(\;x) satisfies the D.E. We know that Jy(¢) is a solution
of the Bessel equation of order zero:

I () + I (t) + 2 Jo(t) =0 or

Jy () + LT (t) + Jo(t) = 0.
Let t = Ajz. Then

d d dt ,
%J[)()\jx) = aJo(t)% = \jJo(t),

d? d dt
@JO(AJ"T) = Aj%[Jé(t)]% = /\?Jél(t)'

Substituting y = Jy(A;z) in the given D.E. and making use of these results, we have
ASJG(8) 4+ (N /)N TG () + A3 Jo(t) = A3 [Jg(8) + ¢~ J5(t) + Jo(t)] = 0.

Thus y = Jo(A;x) is a solution of the given D.E. For the second part of the problem
we follow the hint. First, rewrite the D.E. by multiplying by = to yield xy” + ¢’ +
Ajzy = 0, which can be written as (zy')’ = —Xizy. Now let yi(z) = Jo(A\iz) and
yj(x) = Jo(Ajz) and we have, respectively, (zy;)’ = —Ajzy; and (xy})’ = —Nxy;.
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Now, multiply the first equation by y; , the second by y;, integrate each from 0 to
1, and subtract the second from the first:
1

1
/0 [yj (xy;)/ —y; (xy;)/} de = — ()\f — )\?) /0 zy;y;de.

If we integrate each term on the left side once by parts and note that y; =y; =0
and x = 1, we find that the left side of this equation is identically zero. Hence the
right side is identically zero and for A; # A; this gives the desired result.



126 Chapter 5. Series Solutions of Second Order Linear Equations






